B4, Bruck's examples

Wa fmow lefl alternative and left Moufang are the sawe in characteristic

[m this section weo canstruct sxamples of lefl alternative divislon rings

* 2,
uf characteristic 2 which are not left Maufang, wuch less alrernative,

We begin with any unital commubalive associative g-algebra § of pharac—
We define an algebra

any o-linear mapping 5 of § into itsalf.

i1 Y

teristic 2, and
(4.13 AlG,8) = q1 & Qu
wy o= (ol @ )l @ ju) = foy + slpdall ® (as T pydu.
the Cayley—Dicksun formula, except we use gy instead of Lhe
w oand g, 50 Lx

This iz like
For [ixed a,5 this expression is linear

expected Esly).
i O-linear (though Rr iz oanlv ¢-linear, due Lo the pyesence of the =0p30).

Alf,s) is zalways left aliernative, but is left Moufang iffl

4.2 Leamma.
o . 2
s(qixdu) = q(x)s(w) for all w,a.0& i where g(x) = o +s(g). If § contains
no nilpotent elaments, the left Moufang conditicn is that s = L for o = s(l}.
i
Proof. To check left zlternativiiy L = Li, note that far = = mltpuo
a 5
we have ¥ = (o +s(f)A)1+(2apdu = gq{x)1l, therefor= h{g = gi{x)I since
E = ol (BEWARE: L 4yl since ®  is not j-linear!), and
sl wu 1 37
2 W2 2_. 2 ; / A ;
L# = [uI+LEu} =T, = q(x)I since we are in characteristic 2. (Fote
0 s(5) 5 s{E} B 0
]_:\u = , Llf’u = ralative to the ohvious O-hasis for A).
' 3 f 0 P (1Y

Thus left alternstiviky is avtomatic.



Jowever, the left Moufang axiem L., . = L L. T will only %e satisfied
i ®iyx) X al )

b
for certain kinds of s. Indeed, %~ = n(x)1 vields xev = g{u,y)L for

alx,y) = gletv)=qx)=qly) = 2eyvts(31i+s(3)8 = s(E)d4s (88, so
5 = -L - (left alternativicy) L - 7
w (=) Lx(xy+yx} szy = e qle,vix Lq{x}}
n
= q(x,y)eTH fo —GRIYTL he other hand L L L =T (L oL )-L L
gz, yalt als.5)80 q(x]1yT Tq(T}GH On the ether hand ity Tx‘Ly e wl:

= qfx,y}1ﬁﬂq{x)1? = q{x,y]u:+q[x,?]LEu-q(x}TL-qfx]Lﬁu. Thus Lhe aziom
rﬁqunas to b = ﬂ{x]Lau {arnd 1ts linearization lq{x,yjﬁu = QEE,F!Lﬁuﬁ.
0 &lw)

Since Lﬁu = (u f ) the condibtion hecomas s{g(x)4) = gzx)s(f)  (and its

linsarizatien s{q(x,y)¢) = qlx,v)s(d)).

2 3 5 .
In parkicnlar s connutes with gfwl) = =, with ql{wu) = ws{n), with

q{uy = s(1) = 7, and with g{u,nu) = cedbs{w), so thal [ereg () T lu)

L]

A o2 - 2o .
= g([owts(w)ju) = s{{uw ddws () F1Y TnTorws(w) 1s{ly = wia +ruslnl, Comparing

2 e Gt - 2 .
gives s{w}” = w ¢, TIn characteristic 2 this implies {s(wi—awl® = 0, so if
D has no nilpotent elements s{w) = ow  far all w . il
4.3 Lemma. AlT,o) is a left alternative divisioen algebwa iTf (i) 7 1is a

field, (ii) s=L, o ls bijective on 0 feor all w.

Prool. Oorcainly @ must be a field: it is a commutative associative
subalgebra of A, and if otfic Is an inverse in A of wE&h Fhen g is an ioverse
of w in 0.

Asgume from now om §i is a field. "Division algebra" means all L ,R fox

2 . ;i ; ek Wi, i i -
®» # 0 are bijzetlve. HNHow Lx is oiljective if7 T% = gi{x)I iz bijective, so the

cendition that all Lx for x # 0 he hijective is that qix) # 0 fer x £ 0. In

9
partiecular, this is satisfied when (1) and (ii) held: clearly qix) 5 *aslp)

= 1 iz impussible for 3 = 0 (since then g # 0), while il g £ 0 it would imply

2 . 2 ! , . f
(g) = -u?fs = (¢fg) 8 {characlLeristic 2!) and therefore s-L 5 is nol

L

bijective for w= aff since it kills .



Turaine now to the R's, 1F x = e has 8= 0 then % = ol and B = uf
=] * x

iz elearly bijective, IfB+# O then x = E(B_lwl+u} = fys HooR = AR is

¥
bijective 1iff Rv i for v = wltu., BRul
' 5 2
(il 2 3 I ] mMETS &= ws+tsu
R, = with, £ haz R = e = 5
¥ L i ¥ P gl ) s=in

in characteristic 7, which is dnvertible Iff E—h12 is invertible, 8
1]

4.4 Theorem. T 7 ig a field of characteristic 2, with nontrivial invelution
#, and o= u® ix a symuetric nensquars in @, Llen AlR,s) for 5 = ®L  is & l=2I<

(4

al+ernalive division aleehra which Is neot left Moufang.

Proof. Such an algshrze Is not lett Moufang hy 3.2 Lecause 5 F ]_0:Ir = =(1]
= L1ohn = l4a,l. . = THL 4 '!"=+-.-'..|:1 = & gince * # T Ls nentrivial by hypothesis.
Since G is a field, A(g,s) will be a division algebra by 4.3 as soon
as all s-L o = ®4[ 4 are Lijective, 1.e., Sp[ . iw bijective for 211 4 = G
ks (Rl .
Mow (ALY (3T ) = (&=L J{(¥L ) = T-L = T freczll #1. =1 = ig
(LD (h-Tygd = (L) g §5%  T1-gs% o - T

2 a

invertible since 1=85% is nemzerco in 0 no matter what § = -y we choose: 1F

. : i . : 7 ; — 2
wois svmmatric, of sw, Lhen §% = & since p® = oy hy hypothesis, so 447 = 1 =5

2 2 Y2 s z ) i . i

= L= = 1=/l = 4 =g = Iy = (1) E & {heavily nsing characteristic
2%, contrary to our cholce of o as a nonsquars, while il 0 is nensymmetric,

. . ) 2. R 2 SR ok 2 ;
prtn® £ 0, then L = §8% = o= Fo—w® ¥= g 1 ™) —a Cn®)” would dmply

" L]
g P 2 . i :
plptw®Y € 7, hence o e o {recall yty® # N), again concrary teo cholce, s

1=55% # 0 is invertible in all cases, =so all s-L 3 = *+15 are hijective. B
yl

4.5 IPuample. hs a specific example, take § = ¢(x) for any [leld ¢ of

Ein 4 ; ;
rharacteristic #,  Than fi{x)® = E&:] is a wontrivial dinvolulion en D.a = xI1/x
29,2

) p 2
iz symmetric but a ncosquars (since g = x(14+l/x)" and x is a nonsguare by o =e (% 1.

Thig narcicular  and ==%+L lead to a left 2ltermabive division ring
P i

Al 7)Y which is oot left Moufang, -]



i3
—

4.2

AIV.4 Exervises

Show R & @ satisfies glg{x)u) = glx)slu)

SR RGNS & AR, Y eletaYy o

Show dirsetly Rx im Inwvartibles [er = = Bu

o # 0 show x = 2y, whera R o= I+ 1s bij
] T

Fop 811 (%) & 5oaBa(s)

t:duu. CLiih {H'I:m:ll—um}': = 0,

iff s is bijective: LT

-3
ective 1ff stl = is bijective.



